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Recent breakthroughs in single-atom fabrication in silicon have brought the exciting prospect of monolayer-
based nanoelectronics and theoretical understanding of such systems into sharp focus. Of particular interest is the
effect of such sharp two-dimensional Coulomb array conﬁnement on electronic properties of these donor-based
semiconducting systems such as valley splitting, which is critical to quantum electronic applications. In this
paper we apply ab initio techniques to these high-density donor systems speciﬁcally in order to investigate the
approach to monolayer conﬁnement. An optimized basis set is developed for Si:P and validated against our
previous work on single δ-doped layers. A systematic study is then conducted wherein the effect of multiple
adjacent phosphorus δ layers on the electronic properties of the material is explored. We ﬁnd nonmonotonic
electronic behavior as we approach the monolayer conﬁnement limit, with potentially far-reaching implications
for large-scale fabrication techniques.
DOI: 10.1103/PhysRevB.86.165123 PACS number(s): 73.22.−f, 31.15.E−, 71.15.Mb
I. INTRODUCTION
Current fabrication techniques have become so sophisti-
cated as to precisely control and place individual phosphorus
atoms in pure silicon and germanium crystals.1–3 These dopant
atoms can be arranged into an atomically abrupt monolayer
region called a δ layer. Within this δ layer, novel patterns
can be constructed, from wires a few atoms wide3,4 to more
complicated structures such as tunnel junctions,5 dots,2 and
even whole devices.6,7 These structures represent the limit of
nanoelectronic devices and may form the building blocks for
a functioning quantum computer.8–10
In order to maximize the potential of such novel materials
for new devices and applications, it is critical to understand
their electronic structure and transport properties. While the
physics and properties of a single donor in silicon (a “zero-
dimensional” structure) are well understood, there are still
signiﬁcant gaps in the understanding of the physics of one-
and two-dimensional highly doped structures. For example,
low-level structures inherent to devices can exhibit varying
degrees of conﬁnement, and determining the location of
energy levels in these constituent structures will prove crucial
to the successful operation of quantum devices. Imperfect
fabrication at the atomic scale will lead to some degree of
disorder and deviation from ideal monolayer conﬁnement.
In addition, connecting δ layers across different planes in
three-dimensional (3D) devices will result in regions thicker
than a monolayer. In silicon, the conduction-band valley
structure is highly sensitive to changes in conﬁnement and has
profound effects on transport in these highly doped systems.2
Understanding the effects of various levels of conﬁnement and
the approach to themonolayer limit on the electronic properties
of highly doped Si:P structures is therefore very important.
Precise information on the extent of the wave functions of the
overall Si:P structure will guide experiments in optimizing and
controlling quantum spin qubits in future quantum-computing
applications.
Structures in which electrons are “internally” conﬁned in
a high-density monolayer array of Coulomb wells are funda-
mentally different from conventional externally conﬁned two-
dimensional electron systems, and there have been relatively
few theoretical and computational works discussing these
novel structures to address the knowledge gap, particularly
in the ab initio regime. The ﬁrst theoretical calculation done
was by Qian et al., who used the planar Wannier orbital
method to obtain the electronic structure of a single layer of
phosphorus δ-doped silicon in the fully disordered limit.11
The ﬁrst density functional theory calculation of ordered,
phosphorus δ-doped silicon was performed by Carter et al.12
Subsequent work explored the effect of in-plane disorder by
means of mixed pseudopotentials.13 More recently, an ab
initio study of basis size completeness effects was carried
out, focusing upon the electronic properties (including valley
splitting) of idealized single-monolayer δ-doped Si:P systems
using localized and delocalized basis sets.14 Other methods
have also been used to study phosphorus-doped silicon, such as
the tight-binding method,15–17 and effective mass theory.18,19
While these methods can potentially model real systems com-
prising millions of atoms, they rely on empirical parameters.
Studying these structures using an ab initio method such as
density functional theory (DFT) provides a solid theoretical
underpinning for these semiempirical approaches, which can
access larger spatial domains than DFT.
It was discovered recently that overgrowing silicon on a
phosphorus δ layer at temperatures higher than 567 K led
to deactivation and broadening of the δ layer.20 This type of
out-of-plane disorder was subsequently studied using a tight-
binding method which showed a decrease in valley splitting
as the amount of out-of-plane disorder was increased.21 In
contrast to this unintentional formation of a thick pseudo-δ-
doped structure, a functional quantum computer might utilize
a 3D construction (analogous to current transistor technology)
where different δ-layer planes are connected by intentionally
thick pseudo-δ-doped structures. As in the case of out-of-plane
disorder, the electronic properties of these thick structures will
invariably be different from those of a single δ layer.
In this paper we employ the converged ab initio approach of
Ref. 14 to systematically investigate the electronic properties
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of multiple adjacent δ-doped Si:P layers with various degrees
of conﬁnement (layer thickness) and speciﬁcally how the
valley levels behave in the approach to the two-dimensional
(monolayer) limit. We analyze the resulting changes to the
band structure, energy levels, electronic density of states,
spatial extent of the charge density, and electrostatic potential.
The paper is arranged as follows: Sec. II describes the cells
and parameters used in this study, the results are presented in
Sec. III, and conclusions are drawn in Sec. IV.
II. METHODOLOGY
In this work, we employed Kohn-Sham-based DFT meth-
ods using localized basis sets as implemented in SIESTA.22,23
Norm-conserving Troullier-Martins pseudopotentials24 and
the Perdew-Burke-Ernzerhof (PBE) exchange-correlation
functional25 were used in this study. The generalized-gradient
approximation has previously been used for mixed Si:P
systems with excellent agreement with experiments.26,27 The
PBE functional in particular has been regarded as the
best parameter-free density functional available28 and has
been used in previous studies involving phosphorus δ-doped
silicon.12–14
As the DFT method is variational in terms of energy, we
optimized a double-ζ basis set with polarization (DZP) using
the simplex method to give the lowest energy possible for a
mixed Si:P structure. The resulting basis set gave a wider bulk
band gap compared to the default DZP and at the same time
preserved the important valley-splitting value associated with
1/4 monolayer (ML) doping.14
We used a c (2 × 2) unit cell as the basis for our doped cells.
This unit cell has four sites per atomic plane, whose sides are
parallel to the (110) and (1¯10) planes, and provides the mini-
mum size necessary to efﬁcientlymodel 1/4MLdoping.11,12,14
Eighty-layer cells were used to provide adequate cladding
between the periodic images and to achieve convergence of
energy levels and dopant charge densities to about 1 meV.14
The cell dimensions were 7.720 A˚ × 7.720 A˚ × 109.175 A˚
for the optimized DZP basis set.
In order to investigate the effect of multiple adjacent δ-
doped layers, we systematically added 1/4 ML phosphorus δ
layers up to a total of ﬁve layers. Due to symmetry, for each
additional δ layer, there exist two possible locations for the P
atoms: one 2.36 A˚ and another 4.53 A˚ from the P atom in the
previous layer. In this study, we have opted for the shortest
distance between any two P atoms. The fractional locations of
these P dopants are summarized inTable I, and the arrangement
of these dopant layers in the periodic cell is shown in Fig. 1.
We have adopted the terminology dn to refer to a conﬁguration
TABLE I. The x and y locations of the dopant atoms in terms of
fractions of the unit cell.
δ-layer number x y
1 0.00 0.00
2 0.25 0.00
3 0.25 0.25
4 0.00 0.25
5 0.00 0.00
(a)
(b) (c)
FIG. 1. (Color online) The 80-layer c (2 × 2) cell used in this
work, showing the location of the dopant atoms in (a) d1 conﬁguration,
(b) d5 conﬁguration with P atoms labeled according to layer number,
and (c) the full cell. The terminology dn refers to a conﬁguration
involving n dopant layers. Si atoms are shown in light gray and P
atoms in red.
involving n dopant layers (see Fig. 1). d0 refers to the clean,
undoped structure.
For the 80-layer tetragonal cells used in this study, the
SIESTA mesh cutoff was set to 300 Ry and Monkhorst-Pack k
grid to 9 × 9 × 1 with explicit -point sampling, as per our
previous study.14 For each of the conﬁgurations, we performed
a single-point calculation without optimizing the geometry of
the structure ﬁrst, for simplicity and computational tractability.
It was previously shown that minimal movement is caused by
the presence of dopant atoms.12,14
A two-stage process was adopted in this work. First, the
density matrix was converged to within 1 part in 104 using
Fermi-Dirac electronic smearing of 300 K. The resulting
density matrix was then used to restart the calculation with an
energy tolerance criterion of 10−4 eV or less. This two-stage
process aided the speed of convergence and ensured the
precision of the energies we obtained.
III. RESULTS
In order to benchmark the optimized DZP basis set, we
need to compare it against a more complete basis. Plane waves
are an obvious choice for this, as their completeness is directly
related to the cutoff energy, at the expense of computational
efﬁciency and tractability. To this end, we begin our analysis
by comparing the performance of the optimized DZP basis set
with the default DZP basis set in SIESTA and the plane-wave
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TABLE II. Bulk Si properties calculated using the optimized and
default SIESTA DZP basis sets. The VASP plane-wave result is also
presented for comparison.
Basis set a0 (A˚) Bulk band gap (meV)
Optimized DZP 5.459 762
Default DZP 5.495 615
Plane wave14 5.469 610
basis set in VASP with 450-eV energy cutoff. Table II
summarizes the important bulk Si properties using these basis
sets. The optimizedDZP basis set gives a better lattice constant
agreementwith the VASP plane-wave value of 5.469 A˚ (Ref. 14)
than the default SIESTA DZP, and a band gap 147–152 meV
wider than the default SIESTA DZP and VASP plane-wave basis
sets.
Figure 2 shows the band structures of the multiply δ-doped
conﬁgurations. The valence band maximum (VBM) has been
set to zero. As we decrease the number of layers and therefore
increase the degree of vertical conﬁnement, the conduction
band is generally pulled less towards the valence band, and
the 1-2 energy gap (valley splitting) becomes larger. We
observe that in excess of ﬁve adjacent δ layers, the conduction
band is pulled down by an amount that is larger than the
calculated band gap of the material. As we are interested
in the behavior of the valley-splitting value as we approach
monolayer conﬁnement, we have omitted these “metallic”
systems from the discussion.
As we approach monolayer conﬁnement, there is a cor-
responding decrease in the number of states available to the
dopant electrons [Figs. 2(a)–2(d)]. It is interesting to note that
in all of these structures the 1 band exists strictly below the
Fermi level in the  k direction (between  and X points),
indicating that this band is available to electrons throughout
the  k direction.
Figure 3 shows the band structure of the 80-layer cell at
the monolayer doping limit, obtained using the optimized
and default SIESTA DZP basis sets. These two band structures
are nearly identical, aside from an overall energy shift of the
conduction band of about 150meVand someminor differences
along the  k direction.
One of the key properties of a Si:P doped structure is the1-
2 energy gap (valley splitting), a quantity which potentially
has implications for the viability of real structures to be used
in quantum devices. Both of the basis sets give a consistent
value for the valley splitting (92 meV using optimized DZP
and 99 meV using default DZP14), which provides assurance
that both of the basis sets capture the important monolayer
δ-doped physics. This property, along with the wider band gap
afforded by the optimized DZP basis set, helps us elucidate the
electronic behavior of multiple δ-doped layers more reliably.
It is also of note that the valley-splitting value obtained here
using the optimized DZP basis set agrees very well with the
value of 93 meV obtained using the plane-wave method.14
The energy levels of the multiply δ-doped structures, taken
at the  point in the band structure, are shown in Fig. 4. The
Fermi level is well converged at ∼760 meV across the number
of δ-doped layers, except in the monolayer limit (d1 structure).
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FIG. 2. Band structures of the conﬁgurations in the order of
decreasing conﬁnement: (a) d5, (b) d4, (c) d3, and (d) d2. The band
structure of the bulk structure is also shown shaded in gray for
comparison. Fermi levels are shown as solid horizontal lines.
In this monolayer conﬁned case, the Fermi level is found to be
717 meV, representing an energy shift of about 110 meV with
respect to the standard DZP value.14
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FIG. 3. Comparison of the band structure of the singly δ-doped
80-layer cell obtained using the optimized and default SIESTA DZP
basis sets. The Fermi levels are shown as thick horizontal lines.
The valley-splitting values are summarized in Table III.
In general, thicker doped layers exhibit less valley splitting.
At the monolayer limit, the valley-splitting value converges
to 92 meV. As discussed above, this is close to the limit
of accuracy of the DFT method using a plane-wave basis
set. The d2 structure has the greatest valley splitting, with
the 1 value rising signiﬁcantly from the d2 to d1 structure.
This nonmonotonic behavior is rather surprising and may
result from the interaction between closely spaced phosphorus
layers.
Figure 5 shows the electronic densities of states of the
multiply δ-doped conﬁgurations. The VBM lies at zero in
the ﬁgure. We use a Gaussian smearing of 50 meV to smooth
the curves. The plot shows the gradual decrease of energy states
in the gap as the number of dopant layers decreases. Consistent
with the band-structure plots, the largest change occurs after
removing the second layer, eliminating the pronounced peak
around 0.3 eV. This peak is correlated with the the dipping
of the 1 and 2 levels in the  k direction in the multiply
δ-doped conﬁgurations, starting from the d2 conﬁguration, and
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FIG. 4. Energy levels of the multiply δ-doped structures, taken
at the  point in the band structure, showing the 1, 2, and Fermi
levels. The VBM has been set to zero.
TABLE III. Valley-splitting values for the multiply δ-doped
structures.
1-2 energy gap
Conﬁguration (valley splitting) (meV)
d5 12
d4 55
d3 47
d2 244
d1 92
may indicate the availability of that band in the  k direction
for an electron. There is a less-pronounced difference between
subsequent densities of states from d5 to d2 conﬁgurations,
apart from the obvious decrease in the number of states.
Interestingly, there is a slight dip at around 0.6 eV in the
densities of states of the d4 and d2 conﬁgurations, indicating
depletion of available states at this energy level across some
of the Brillouin zone.
Figure 6 shows the planar averaged dopant charge density
along the [001] direction, obtained by integrating the local
density of states from the top of the VBM to the Fermi level.
The resulting distribution is then Fourier transformed and
the high-frequency oscillations related to Bloch oscillations
removed, in order to focus on the physics associated with
the δ layers. There is a gradual decrease in both the donor
charge distribution and full width at half maximum (FWHM)
from d5 to d2 conﬁgurations. However, between d2 and d1
conﬁgurations, the 65% decrease in the maximum charge
distribution is accompanied by an 82% increase in FWHM,
as detailed in Table IV. This indicates that the dopant
charge density becomes more delocalized at the monolayer
conﬁnement limit. It takes more than four δ layers for the
FWHM to approach the value for one δ layer.
Figure 7 shows the electrostatic potential of the d1, d2, and
d3 systems. The potentials are set to zero at the point farthest
from the center of the dopant distribution. In the monolayer
limit, the plot shows a deepwell and a slow-decaying potential.
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FIG. 5. The electronic densities of states of the multiply δ-doped
conﬁgurations. The gray shaded region denotes the electronic density
of states of bulk silicon.
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FIG. 6. The planar average of dopant charge density along the
[001] direction, obtained by integrating the local density of states
from the top of the VBM to the Fermi level. The small oscillations
related to the periodicity of the Bloch wave have been removed in
the thick lines. The horizontal lines denote the FWHM of each of the
structures.
This is correlated to the broad distribution of charge density
shown in Fig. 6.
The shape of the charge density distribution depends on the
electrostatic potential, which in turn depends on the geometry
of the δ-doped layers. In the d1 conﬁguration, the donor
electrons are centered on a single δ layer, resulting in two
tail regions (region I). In the multiple δ-layer conﬁgurations,
the donor electrons now also occupy the space between
them (region II), thus greatly reducing the total density
in the tails, exacerbating their falloff, and hence enhancing
the conﬁnement about the complete structure. This effect is
weakened as the number of layers increases past two, due
to the growing partial shielding of layers from each other
by the increasing electron density between them, leading to
the observed trend of decreasing conﬁnement with increasing
number of layers. When viewed from this novel perspective,
it is more obvious that conﬁnement results should naturally
split into d1 and dn2 groupings. The conﬁnement effect
evident in the dn2 case is ultimately responsible for the larger
accumulation of dopant charge density, as evident in Fig. 6.
The electrostatic potential is inherently related to energy
levels in the system, including valley splitting. Reference 19
has shown that the valley splitting can be represented as
an integral transform of the potential that effectively picks
out the short-wavelength Fourier components, i.e., the parts
TABLE IV. Themaximumvalue and FWHMof the dopant charge
density.
Conﬁguration ρmax (×10−3e/A˚3) FWHM (A˚)
d5 11.09 6.82
d4 10.03 5.59
d3 8.61 4.55
d2 6.24 3.60
d1 2.21 6.54
(a)
(b)
(c)
(d)
FIG. 7. Electrostatic potential of the (a) d1, (b) d2, and (c) d3
systems, showing the tail (I) and interlayer (II) regions. The long-
range behavior of the potential is shown in (d).
where the gradient is sufﬁciently steep. Since the potential
and its gradient are inherently connected to the localization of
the electrons, it comes as no surprise that the most-localized
conﬁguration (d2) gives rise to the greatest valley splitting,
with less observed for thinner and thicker layers.
In addition, Ref. 19 also discusses the possibility that rapid
changes in the wave function can affect the valley splitting.
While this is not feasible tomodel with effectivemass theory, it
is inherently included in the ab initio DFT modeling presented
here. Again, wewould expect the gradient of the wave function
(which is modulated by the host silicon lattice) to be greatest
in the region(s) of highest electronic density, namely in the
central portion of the d2 conﬁguration.
Beyond the d2 conﬁguration, the additional layers cause the
well in the electrostatic potential to be widened. Therefore, we
expect the valley-splitting value to decrease compared to the
d2 value, with the largest number of layers having the least
amount of valley splitting. To a ﬁrst approximation, this is
observed in Table III. However, contrary to what we expect,
the decrease is nonmonotonic, which suggests more subtle
effects at play.
IV. CONCLUSION
In this study, we have performed a systematic investigation
of the effects of multiple 1/4 ML phosphorus δ-doped layers
on the electronic properties of silicon. To this end, we have
optimized a DZP basis set which was proven to perform
reliably and gave advantages with respect to the standard
DZP basis set in SIESTA in terms of the important electronic
properties of bulk and 1/4 ML δ-doped structures.
Our calculations show a distinct nonmonotonic change in
the electronic properties during the approach to monolayer
conﬁnement. Our analyses indicate that this behavior stems
from interlayer accumulation of charge in themultiply δ-doped
structures which fundamentally alters the behavior of the
electrostatic potential beyond a simple addition of individual
δ-layer potentials. The largest effect is seen as the system
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transitions from two δ layers to one (i.e., from d2 to d1), where
the less-conﬁning effect of the monolayer potential (evident
in the slowly decaying potential away from the δ layer) is
responsible for the larger FWHM of the dopant charge density
and the large jump in the valley-splitting value.
We have quantitatively calculated the 1-2 energy gap, an
important parameter to guide experiments. It is also an input
parameter for other, more empirical techniques such as the
tight-binding methods and effective mass theories which may
be used to model an actual device involving millions of atoms.
While current fabrication techniques can be used to create
a single δ layer reliably, more complex devices may require
the use of multiple δ layers. Large-scale fabrication techniques
may also introduce disorder in the direction normal to the plane
of the δ layer, effectively moving the device away from the
monolayer conﬁnement regime. The nonmonotonic effect that
we observed in this study highlights the unexpected electronic
behavior that we will inevitably encounter as we progress
beyond single-δ-layer devices.
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